Abstract. A 3-manifold is foliar if it supports a codimension-one co-oriented taut foliation. Suppose M is an oriented 3-manifold with connected boundary a torus, and suppose M contains a properly embedded, compact, oriented, surface R with a single boundary component that is Thurston norm minimizing in H 2 (M, ∂M ). We define a readily recognizable type of sutured manifold decomposition, which for notational reasons we call double-diamond taut, and show that if R admits a double-diamond taut sutured manifold decomposition, then every boundary slope except one is strongly realized by a co-oriented taut foliation; that is, the foliation intersects ∂M transversely in a foliation by curves of that slope. In the case that M is the complement of a knot κ in S 3 , the exceptional filling is the meridional one, and hence κ is persistently foliar, by which we mean that every non-trivial slope is strongly realized; hence, restricting attention to rational slopes, every manifold obtained by non-trivial Dehn surgery along κ is foliar. In particular, if R is a Murasugi sum of surfaces R 1 and R 2 , where R 2 is an unknotted band with an even number 2m ≥ 4 of half-twists, then κ = ∂R is persistently foliar.
Introduction
Taut foliations have long played an important role in the study of 3-manifolds, informed by the relationship among various geometric and algebraic properties. We present here the relevant definitions, known results, and conjectures. For simplicity of exposition, we assume all 3-manifolds are oriented not homeomorphic to S 1 × S 2 .
Another invariant of 3-manifolds is Heegard-Floer Homology, introduced by Ozsváth and Szabó [37, 38] . In particular, the Heegard-Floer homology of a rational homology sphere Y satisfies Rank( HF (Y )) ≥ |H 1 (M, Z)|.
If equality holds, Y is called an L-space; elliptic manifolds, such as lens spaces, are examples. In contrast, Ozsváth and Szabó proved foliar manifolds cannot be L-spaces [36, 1, 25, 26] .
Boyer, Gordon, and Watson have conjectured that an irreducible rational homology 3-sphere is an L-space if and only if its fundamental group is not left-orderable and also asked if the presence of a co-oriented taut foliation implies that a 3-manifold's fundamental group is left-orderable [3] , leading to the L-space Conjecture: Conjecture 1.3 ([38, 3, 24] ). Let Y be an irreducible rational homology 3-sphere. Then the following three statements are equivalent:
Y ) is left-orderable, and (3) Y is foliar.
Namely, in the spirit of Haken, Waldhausen, and Thurston [20, 45, 43] , these are three measures of what it means for a 3-manifold to be "large," and the conjecture is that they are all equivalent. (We note here that Gabai includes co-orientability in his original definition of taut.) It is known only that (3) implies (1) . This paper addresses the conjecture that (1) implies (3). Definition 1.4. Let M be a 3-manifold with boundary a torus. A boundary slope is an isotopy class of curves in ∂M .
Following Boyer and Clay we introduce: Definition 1.5. [2] A foliation F strongly realizes a slope if F intersects ∂N (k) transversely in a foliation by curves of that slope.
Suppose ∂M is a torus and M contains a properly embedded, compact, oriented, Thurston norm minimizing [44] surface R with a single boundary component. Call the isotopy class of ∂R the longitude and any slope having geometric intersection number one with this longitude a meridian. In this paper, we define an easily-recognized criterion that implies such a 3-manifold supports co-oriented taut foliations strongly realizing all boundary slopes except a single distinguished meridian ν. For compact slopes other than ν these foliations may be capped off by disks to obtain co-oriented taut foliations in the manifolds obtained by Dehn filling.
Focusing attention on manifolds obtained by Dehn surgery on knots, we introduce the following notation, definition, and conjecture: The meridian is the unique slope µ whose elements bound disks in the closure of N (κ). Definition 1.7. [6] A knot κ in a 3-manifold M is persistently foliar if, for each non-meridional boundary slope, there is a co-oriented taut foliation strongly realizing that slope.
Many knots in S 3 are known to be persistently foliar, including all alternating and Montesinos knots with no L-space surgeries ( [7] and [8, 9] , respectively), all fibered knots with fractional Dehn twist coefficient zero [41, 6] , and all composite knots in which each of two summands is alternating, Montesinos, or fibered [6] . In Section 2 we provide all essential background on spines and branched surfaces. In Section 3 we provide the necessary definitions and results from sutured manifold theory. Some familiarity with laminations and foliations is assumed, or would at least be helpful to the reader. In Section 4 we introduce modifications of sutured manifold decompositions, in particular the type of modification we call a double-diamond replacement, and prove the main results of the paper:
. Let S be the sequence of sutured manifold decompositions
Let each sector of Σ(S ) ∩ Σ(S) except ∆ inherit its co-orientation from that of Σ(S). Give ∆ the opposite orientation from R. There is a choice of orientations on the sectors of T in Σ(S ) so that Σ(S ) admits a smoothing to a (co-oriented) taut branched surface B(S ) that has complement consisting of the union of the complement of B
, where ∂M × {0} = ∂M and V 1 and V 2 are disjoint annuli of slope ν, the distinguished meridian of In particular, knots with Seifert surfaces of this type are not fibered. By results of Ghiggini [18] , Ni [29, 30] and Juhasz [22, 23] , knots that are not fibered cannot have L-space surgeries; hence, if the L-space and Cabling conjectures are correct, we expect all non-fibered knots to be persistently foliar.
Spines and branched surfaces
For completeness we include the relevant standard definitions and results on spines and branched surfaces, as also found in [6] . Definition 2.1. Given any metric space X and any subset A ⊂ X, the closed complement of A in X, denoted X| A , is the metric completion of X \ A.
Definition 2.2.
A standard spine [5] is a space Σ locally modeled on one of the spaces of Figure 1 . A standard spine with boundary has the additional local models shown in Figure 2 . The critical locus Γ of Σ is the 1-complex of points of Σ where the spine is not locally a manifold. The critical locus is a stratified space (graph) consisting of triple points Γ 0 and arcs of double points
The components of Σ| Γ are called the sectors of Σ.
Surface neighborhood

Double point neighborhood
Triple point neighborhood Figure 1 . Local models of a standard spine at interior points. ([46] ; see also [10, 32, 34] ) is a space B locally modeled on the spaces of Figure 3 (along with those in Figure 4) ; that is, B is homeomorphic to a spine, with the additional structure of a well-defined tangent plane at each point. 
There is no Reeb component; i.e., B does not carry a torus that bounds a solid torus in M .
In the spirit of earlier definitions of Gabai, Oertel, Sullivan and others, we introduce: Definition 2.8. A branched surface is taut if it is co-oriented, has taut sutured manifold complement, and through every sector there is a closed oriented curve that is positively transverse to B.
Observe that a taut branched surface is, in particular, essential; furthermore, if a taut branched surface fully carries a lamination, this lamination is a sub-lamination of a taut foliation (see Corollary 3.8 below). However, in practice, it can be difficult to determine whether an essential branched surface fully carries a lamination. In [27, 28] , Li defines the notion of laminar, a very useful criterion that is sufficient (although not necessary) to guarantee that an essential branched surface fully carries a lamination. We recall the necessary definitions here. Definition 2.9. [27, 28] Let B be a branched surface in a 3-manifold M . A sink disk is a disk sector of B that is a sink. A half sink disk is a sink disk which has nonempty intersection with ∂M . 
Sutured manifold decompositions
We assume the reader is familiar with the basics of co-oriented taut foliations. Precise definitions and terminology as used here can be found in [6] . The basics of Gabai's theory of sutured manifolds [12, 15, 16 ] play a key role in this paper, and in this section we give some necessary sutured manifold background. Where noted, we use the definitions of [12] as stated in [4] . In particular, sutured manifold products are taut, as are sutured manifolds of the form (M, γ) = (X κ | R , ∂X κ | ∂R ), for R a (co-oriented) minimal genus Seifert surface for κ, or more generally of the form (M | R , ∂M | ∂R ), where ∂M is a torus and R is a properly embedded, co-oriented, compact, Thurston norm minimizing surface with a single boundary component. In the latter cases we will denote R + (γ) simply by R + and, similarly, R − (γ) simply by R − . 
Further suppose that, if α is a circle component of S ∩ R(γ), α does not bound a disk in R(γ) nor is α the boundary of a disk component D of S. Finally, if the component α of S ∩ R(γ) is a properly imbedded arc, suppose that it is not boundary compressible in R(γ). Then S is called a decomposing surface for (M, γ).
A decomposing surface S defines a sutured manifold decomposition
where
, and
where S + (S − ) is that component of ∂N (S) ∩ M whose normal vector points out of (into) M . This sutured manifold decomposition is called taut if both (M, γ) and (M , γ ) are taut. 
such that (M n , γ n ) is a sutured manifold product. 
is a sequence S of sutured manifold decompositions. Let 
Modifying sutured manifold decompositions
Notation 4.1. Let M = M 0 be a compact oriented 3-manifold with ∂M a torus. Let T be a boundary parallel torus properly embedded in M , and let X and Y denote the components of M | T , with X the component homeomorphic to M . Associated to a sequence S of sutured manifold decompositions
(where we assume that 
Notation 4.5. Let S be a tight decomposing surface for (M | R , ∂M | ∂R ). Suppose that exactly s ≤ |∂S| components of ∂S have nonempty intersection with A(γ). Denote these components by
We call the arcs τ i,k , as well as the corresponding arcs in the spine Σ(S ), transition arcs. Given a framing on ∂M with longitude given by the oriented curve ∂R and arbitrary fixed meridian µ 0 , we may talk of the sign of the transition τ i,k relative to µ 0 . This sign is defined as follows. Orient τ i,k so that it is a path from R − to R + . Associated to the framing ∂M = S 1 × S 1 , with 
A double-diamond taut decomposition determines a distinguished meridian ν, defined as follows. In Σ(S ), there is a unique arc υ i,j in ∂R ∩ ∆ joining the endpoints of τ i,j . Let ν denote the isotopy class of ν i,j = τ i,j ∪ υ i,j , a simple closed curve that has geometric intersection number one with ∂R and hence is a meridian. Since S is tight and α i,j and α i,j+1 are isotopic, the transition arcs For some results on persistently foliar composite knots, see [6] .
Remark 4.8. Definition 4.3 admits a straightforward generalization to sutured manifold decompositions of greater length; namely, to appropriately constrained decompositions of the form
This generalization then leads naturally to a generalization of Theorem 4.9. As these generalizations require significantly more cumbersome notation, and have yet to prove useful in explicit applications, we leave their statements as exercises for the interested reader.
that contains τ i,j . Let S be the sequence of sutured manifold decompositions 
Let each sector of Σ(S ) ∩ Σ(S) except ∆ inherit its co-orientation from that of Σ(S). Give
Proof. In order to simplify diagrams, we enhance arrow notation for cusp directions with diamond notation, as originally introduced by Wu [47] and depicted in Figure The desired co-orientations on the sectors of T , along with the resulting smoothing to B(S ) and the paths of the sutures that result, are indicated for negative transitions in Figure 9 ; the construction for positive transitions is given by the mirror image. A schematic treatment for negative transitions is provided in Figure 10 , and for positive transitions in Figure 11 Thus, B(S ) is laminar, and it follows from Proposition 6.10 of [6] that there are co-oriented taut foliations fully carried by B(S ) that strongly realize all boundary slopes except ν. Note that in the case M = X κ for a knot κ in S 3 , it must be the case that ν = µ, the meridian of κ, since S 3 supports no co-oriented taut foliation; hence κ is persistently foliar. (1) there is a sphere S in S 3 such that P = S ∩ R is a 2n-gon embedded in R with boundary a concatenation ∂P = α 1 * β 1 * · · · α n * β n such that each α i is a subarc of ∂R and each β i is properly embedded in R, and (2) if B 1 and B 2 are the two embedded 3-balls with common boundary S, then for each i, R i is homeomorphic to the subsurface B i ∩ R.
Σ(S)
When n = 2, a Murasugi sum is also known as a plumbing. (See Figure 14. ) For a nice history of the definitions of plumbing and Murasugi sum, see [35] . Proof. The decomposing disk D dual to the band R 2 is double-diamond taut, as indicated in Figure 14 . Moreover, B G has no sink disks disjoint from ∂X κ . The result therefore follows immediately from Theorem 4.10. Figure 14 . B(S ) for a positive plumbed band.
